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Abstract. Hospital wards must be staffed 24 hours a day by a limited number of nurses. With a well documented shortage
of nurses in many countries, effective scheduling of nurse shifts is crucial. Recent research on nurse scheduling has focused
on creating flexible schedules that are attractive to nurses, with the joint aims of improving the quality of care and increasing
staff retention. To achieve this, some level of preference scheduling is desirable in a nurse scheduling model. Furthermore,
if a nurse is unable to work their assigned shifts or nursing cover requirements change, then gaps will occur in the overall
schedule that must be filled by rescheduling in a manner that disrupts a little as possible the existing schedule. Little research
has been carried out on rescheduling nurses while considering their own preferences as well as minimising disruption. This
paper will present some models for nurse scheduling and rescheduling that consider nurses’ preferences, along with some
preliminary computational results.
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Introduction

In a world where demand for round-the-clock services and higher output has lead to an increase in shift work in a
wide variety of industries, the ability to devise a good staff schedule can be crucial to the success of an organisation.
The task of scheduling staff is a complicated balancing act between an organisation’s needs and the legal &
contractual obligations to its employees. Moreover, shift work can have a significant impact on the health and
lives of staff, which can in turn affect a person’s productivity at work. All such factors should be considered when
designing a staff shift schedule, leading to an extremely complex problem for which finding a good solution, within a
reasonable time frame, can be difficult. Differences between industries, their goals and restrictions, often mean
that specific models and algorithms must be developed for each of them (Ernst ef al.; 2004). This together with
the importance of finding the ‘best’ schedule has lead to much research covering industries including airlines, call
centres and hospitals with a range of solution methods including mathematical programming, heuristic techniques,
simulation and artificial intelligence being utilised.

An important area for research and the focus of this paper is the scheduling of nurses. Hospital wards must be
staffed 24 hours a day 7 days a week by a limited number of staff, which in itself can be difficult. However, as
well as the usual legal & cost constraints, patient care is an important factor. The effects of shift work on the individual
are even more important, with patients’ lives at risk if nurses are made to work undesirable schedules that may affect
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their performance in some way. With shortages in qualified nurses reported regularly, good schedules are important to
provide satisfactory patient care and potentially improve nurse retention.

Many solutions to the nurse scheduling problem have been proposed along with software that has been shown
to provide better solutions and/or solutions in significantly quicker time frames than devising them by hand.
Problems arise however, if a member of staff is unable to work their assigned shift and alterations have to be
made to cover the shortfall. There are limited options for rectifying the problem with the main ones being the
production of a completely new schedule, running a ward understaffed, employing temporary staff, or making
changes to the schedule by hand. All of these options can be undesirable for a variety of different reasons including
cost and the effect on the quality of patient care. If the need for a change in the schedule arises, then ideally regular
staff should be used to fill the gaps in the schedule while keeping to a minimum the disruption for the rest of the
staff. On top of this, a reschedule may be required very quickly and so should be produced quickly with very little
user input and not compromising patient care.

Section 2 of this paper reviews the available literature on nurse scheduling & rescheduling, focusing on the
importance of good nurse scheduling practices and ways to incorporate these into scheduling models. This is followed
in section 3 by an explanation of the development of two different scheduling models, the first scheduling individual
days, the second scheduling a week at a time using a set of viable shift patterns. Section 4 develops these scheduling
models so they can be used for rescheduling following changes to the original schedule’s data. In section 5 the
two models are compared and conclusions drawn, with a summary of future research directions.

Literature review

Nurse shift scheduling

The variety and depth of manpower shift scheduling applications and techniques in general is not discussed in
this paper. The reader is referred to Ernst et al. (2004) who provide an extensive review of research in shift
scheduling covering many industries and the techniques employed. We will focus on nurse scheduling. Within
this scope, the wide-ranging review by Burke et al. (2004) evaluates a variety of interdisciplinary approaches to
nurse scheduling and discusses whether the literature adequately addresses the main research issues. We will review
some of the more recent articles and those particularly relevant to preference scheduling.

While staff scheduling plays an important role in any company that relies on shift work, scheduling nurses has
its own unique factors that make the problem both interesting and complex. As with all businesses, costs must be
kept to a minimum and contractual obligations adhered to. However, in nursing there are other important factors,
for example fatigue. A poorly constructed nurse schedule can lead to fatigued nurses which can in turn lead to
mistakes. Rogers et al. (2004) reported a significant increase in mistakes made by nurses if shifts of more than 12
hours were worked, when more than 40 hours was worked in a one week period or, if extensive overtime was
worked. There is evidence to suggest that the amount a person becomes fatigued when working shifts can be reduced
by carefully planning the order in which they rotate through the shifts. The preferred rotating pattern has been
shown to be morning, evening and then night shifts. The number of days a particular shift is worked before
changing, the length of the break between changing shift and the distribution of days off have also been shown to
have an impact on a person’s health and productivity at work (Kostreva et al.; 2002). A well constructed schedule
can help to reduce all these problems which can in turn help reduce absenteeism and the rescheduling problems
this then causes.

Regular reports in the news about the shortage of qualified nurses, not just in England but countries all around
the world has highlighted the importance for hospitals to retain their staff and good scheduling practices can help
with this. McVicar (2003) found that shift working is an increasing source of distress for nurses. The UK’s Royal
College of Nursing has reported that “Nurses who are forced to work a rotating pattern of day and night shifts are
more likely than other nurses to want to leave the National Health Service” (Royal College of Nursing; 2004)
supporting the idea of more flexible schedules. Pryce et al. (2006) showed that allowing nurses to have some
choice about the shifts they work can improve their perception of the shifts which in turn improves morale and
has a positive effect on the nursing staff. This not only helps retain staff, but also assists in reducing the number
of people calling in sick which can obviously have an impact on already stretched nursing staff. It can also help
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to reduce the number of temporary nurses employed to cover gaps in schedules, which can be expensive both in
monetary terms and the continuity of patient care.

Many of these ideas for improving nurse scheduling have been used in recent research with a tendency to focus
on flexibility and giving nurses greater control over their own schedules. This has been introduced into schedules
in a number of ways with preference scheduling being adopted to some degree by many researchers (Warner;
1976; De Grano et al.; 2009). Preference scheduling has varying degrees of implementation, from simply asking
nurses for a consensus about rules that should be implemented or avoided in the schedules, to allowing nurses to
have almost complete control over which shifts they work. The preferences are then balanced with other cost factors
such as using agency staff to fill the schedule.

One extreme form of preference scheduling is a complete self-scheduling system, where nurses design their
own schedules entering onto a sign-up sheet the shifts they want to work. Here the manager’s role is reduced to
simply ensuring that all shifts are covered by the correct number of nurses. Bailyn et al. (2007) reported on a trial
of a complete self-scheduling system for a group of nurses carried out over a 12 month period. The system received
a positive reception from the nurses involved, with them perceiving they were getting more time with their families
and able to provide better patient care. However, the results showed that over the 12 month trial period, an initial
decrease in change requests gradually increased back to previous levels and the number of sick calls remained
unchanged for the duration of the trial. The reasons for this were not determined by the research but problems in
the way the nurses approached the task of choosing their preferred shifts were evident with nurses signing up for
shifts that were already fully staffed, signing up for more shifts than they were contracted to work, and not fully
understanding the implications of the combinations of shifts they signed up to. This meant that changes had to be
made to people’s preferences to ensure the right number of nurses were assigned to each shift, leading to a level
of dissatisfaction amongst the nurses. These problems also meant that there was always a degree of rescheduling
that had to be performed by the nurse manager which meant that although the amount of time the nurse manager
spent sorting out schedules reduced, their annoyance with the task did not. Although the study showed some positive
elements to a self scheduling system, it also showed a number of problems indicating a compromise between a
completely managed schedule and a complete self scheduling system is probably needed.

Such a compromise was reached to an extent by Bard and Purnomo (2005a) and Bard and Purnomo (2005c)
who considered preference scheduling. Virtually identical models were used in both instances, but the second paper
had developed the model to consider the possibility of downgrading, where a higher qualified nurse can cover the
role of a lower qualified nurse but not vice versa. The model used a defined list of violations such as undesirable
shift patterns, working overtime, or not assigning a nurse their preferred shifts, and gave each violation a penalty.
The aim of the model was to minimise these penalties and to try and spread them evenly amongst the nurses. This
lead to an objective function that minimised the sum of the penalties for each nurse, and a maximum penalty being
defined which must not be exceeded by any nurse’s schedule. The model is initialised with sign-up schedules or,
in their absence, an individualised template based on the nurse’s contract. A limited number of candidate schedules
are then produced in the form of columns. Each candidate schedule satisfies the constraints of the model, minimises
the number of violations and is biased towards shifts where gaps have been identified. A limit was placed on the
number of schedules produced purely to keep computational time down. One big advantage of this approach is
that each nurse gets a ‘good’ schedule for the planning horizon because it is looked at as a whole for an individual
nurse rather than looking at the schedule in segments. The model performed very well when tested on real and
derived data with solutions being found in minutes in most cases with very few violations. The use of outside
nurses was reduced via higher penalties.

Bard and Purnomo (2007) proposed another nurse scheduling model that was a preference cyclic schedule,
“combining the principles of cyclic and preference scheduling in a single model”. Due to the cyclical nature of
this method it is not possible to accommodate individual preferences. Instead common preferences, such as shift
patterns, are built into the model. There are disadvantages to cyclical scheduling: “cyclic schedules have become
the bane of the profession because of the rigidity they impose” (Bard and Purnomo; 2005c). However, they are
seen as extremely fair because each nurse will work the same schedules over a period of time. In addition, since
the schedules only need changing when demand or preferences change, the schedules have to be recalculated less
often and nurses know much further in advance what shifts they will be working. Bard and Purnomo’s first approach
to solving the model was to use an Integer Program and its associated Lagrangian relaxation. Both methods
showed little success in the time to find a solution and “because Lagrangian relaxation algorithms only provide
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lower bounds, an efficient heuristic is needed to construct feasible solutions to the original problem” (Bard and
Purnomo; 2007). A heuristic technique was developed that provided good results.

Azaiez and Sharif (2005) considered common preferences and built them into a goal programming model that
attempted to balance hospital objectives with nurses’ preferences and other soft constraints about ideal shift patterns
found in the literature. This led to a large model for which Azaiez and Sharif felt a feasible solution would be difficult
to find, so they split the constraints into two groups. The first group contained constraints that had to be satisfied,
such as the number of nurses required for each shift. The second group contained the constraints relating to things
like shift patterns that did not have to be satisfied, but the amount by which they were not satisfied should be kept
to a minimum.

A completely different approach was developed by (Brucker et al.; 2005) who used a decomposition, construction
and post processing approach to schedule nurses in an intensive care unit. Instead of solving the problem as a
whole, this approach broke the problem down into three steps. The first step creates a cyclic schedule using sequences
of shifts that were built to satisfy all the hard constraints and minimise the penalty associated with violating the
soft constraints. Step two assigns nurses to these schedules making minor adjustments where necessary so that a
basic schedule adhering to all the constraints is produced. These first two steps are done by hand and it is the final
third step that is an automated neighbourhood search used to improve the schedule. The second and third steps
mean that although a cyclic schedule is used to initialise the method, the final schedule is not necessarily cyclic.
The authors say that this combines the advantages of cyclic patterns and non-cyclic schedules, which greatly reduce
computational time and take care of individual constraints/requests”. Computational time for the third step is usually
under one minute which is more than adequate but having to do the first two steps manually could be as time
consuming as the process already in place.

Aickelin and Dowsland (2004) broke the problem down and then used a genetic algorithm. Their model included
the ability to substitute a more qualified nurse for a less qualified one, and aimed to produce schedules seen to be
fair by the nurses. Fairness was achieved by meeting as many of the nurse’s requests as possible and trying to
evenly distribute unpopular shifts. Their algorithm was shown to perform well when compared to live data, striking
a good balance of feasibility and quality, with 51 out of 52 of the trials producing an optimal or near optimal solution,
and the other 1 achieving feasibility. However, an exact integer programming method proved better giving lower
cost and higher feasibility results but had the disadvantage of being much slower than the genetic algorithm. The
genetic algorithm also has the advantage that it can solve an unconstrained problem using the decoder to bias the
search and that all the problem specific knowledge is held in the decoder so the algorithm can be quickly changed
to adapt to changes in problem specification.

Dias et al. (2003) carried out research at a hospital in Brazil where the scheduling was being done by hand.
The aim was to provide a complete scheduling system that was not just a model but also provided a user interface
to produce efficient schedules quickly, minimising the amount of overtime and avoiding undesirable shift patterns.
They used an intensive care unit as a representative solution and trialled two solution methods, a tabu search and
genetic programming. The schedules that had been produced manually had an average of 20 violations whereas
none of the best automatic schedules, using either method, had any violations and the worst automatic schedule
had just 4 violations. Such a small difference between the best and worst solutions indicated a very robust algorithm.
No improvement was made on the manual schedules where the amount of overtime was concerned, as the manual
schedule had the minimum anyway. The algorithms did however help by spreading the overtime throughout the
scheduling period better. Neither the genetic nor the tabu schedule was preferred when reviewed by the nurse
manager and both needed very few manual changes, mostly due to factors beyond the control of the nurse manager
such as late change requests. Since neither method could be shown to outperform the other, both methods were
implemented in the hospital with a user interface that allowed the user to choose the solution method.

Wright et al. (2006) tackled nurse scheduling from a different perspective, investigating the effect mandatory
staff patient ratios introduced in America might have. The research focused on monetary costs and the satisfaction
of the staff patient ratio, with minimal consideration given to impacts of undesirable schedules on nurses. This is
a little outside the scope of the current study but does provide some interesting conclusions. A similar approach
to that used for call centre scheduling was used with the aim to minimise the number of times the ratio is likely to
be violated rather than ensuring the ratio is never violated and risking overstaffing. Unlike the papers discussed
so far, the model does not just assign nurses to shifts but also calculates the number of nurses required. This was
approached in two different ways, the first considered the model in its entirety as a bicriteria non linear integer
program solved with a heuristic method. The second method was a relaxed version which decomposes into two
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sub-problems, a workload model and a tour assignment model solved with an exact method. Tests based on actual
data were carried out with the partial model showing that in some instances a small increase in cost could dramatically
reduce the number of undesirable shift patterns. The insight gained here is that desirable scheduling policies can
be achieved with little or no additional wage costs. This is an important conclusion given the evidence already
presented about the effects of good scheduling policies.

The papers discussed here on nurse scheduling are just a fraction of the papers available on the subject, but
have been chosen to highlight the diversity of solution methodologies and algorithms that have been developed in
an attempt to solve the nurse scheduling problem. However, the objectives for all the papers are similar and tend
to focus on not only costs but also the affect of the schedules on the nurses and their lives by looking at shift patterns
and preferences. Where these factors were built into the schedule they received a positive response from the
nurses with reports of nurse’s perceptions improving greatly indicating a good reason to consider these factors
when developing a scheduling model.

Nurse rescheduling

Nurse rescheduling aims to minimise changes to the original schedule while minimising costs. Rebuilding the
schedule with the current staff is usually the cheaper option as there is no extra wage to pay, but altering the
schedule will alter other nurses’ schedules as well. This can lead to frustration amongst the nurses since they tend
to organise their private lives in accordance with their expected duties, any change in the announced schedules
may create personal inconveniences to some of them (Moz and Pato; 2007). This leads to a fine balancing act between
costs and changing the schedule as little as possible.

Moz and Pato have produced a number of papers on the nurse rescheduling problem proposing various techniques
for solving the problem using a hospital in Lisbon for their research. The aim is to change the original schedule as
little as possible. The constraints are ultimately the same as in an original scheduling problem including hard
constraints such as shift coverage, each nurse can only work one shift a day, infeasible sequences of shifts and a
minimum number of days off. There are also soft constraints such as a maximum number of hours each nurse can
work, a night shift should not be worked on consecutive nights, no leave of more than 3 consecutive days should
be allowed and no evening shift should be worked for more than 3 consecutive days. Then there is, of course, the
extra constraint that makes sure nurses are not assigned to tasks on the days they are absent. In all their research
Moz and Pato do not consider the soft constraints but look at improving the solution method to gain better results
in quicker times.

Their first study proposed an integer multicommodity flow model (Moz and Pato; 2003). The multicommodity
flow model defines a service rendered by each nurse as a commodity and that such commodities share a network.
Three sets of nodes are defined, 1 set is the 4 possible shifts, and the other sets are the origin and destination
nodes, one node for each nurse where “the aim is to flow the commodities through the network at a minimum
cost, while respecting the supply and demand on the nodes”. Both a constructive heuristic solution method and an
exact integer linear program were tried and compared using several test cases to trial the methods. As would be
expected, the ILP generally finds the optimal solution but takes longer while the heuristic provides a feasible, non
optimal solution much quicker. Although longer, the ILP did not take an unreasonable amount of time to find the
optimal solution, usually less than ten minutes, so it was felt this would be the best method to use keeping the
heuristic method as a backup in case the ILP was found to be too time consuming on some ill behaved cases. Although
Moz and Pato discuss optimality they do not break it down and discuss the number of changes to the schedule directly.

Further research (Moz and Pato; 2004) developed the multicommodity flow formulations to more closely fit
the rerostering context and taking in to account the option of overstaffing. The problem definition was unchanged
from the earlier paper and the original disaggregated formulation was tested against a new aggregated formulation,
where nodes corresponding to same shift tasks were aggregated into a single node. The aggregated method found
optimal solutions for all instances within one minute and provided much better results than the disaggregated
method from their previous paper which only found optimal solutions for 22 problems with a time limit of 5
hours for each problem. Even though the results obtained were good they felt that more needed to be done so that
the soft constraints could be taken into account. This shows a significant improvement in the solution method but
there is still no detailed discussion about how optimality translates to actual changes in the schedule.
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Moz and Pato (2007) continued to try and improve the algorithm, looking at incorporating a genetic algorithm
into their constructive heuristic which they had developed. Two versions were implemented and tested, the first
one assigned tasks to nurses that had been ordered by some criteria, the second one randomly ordered the tasks
and nurses in the initialisation step. The need to randomise the nurses as well as the tasks arose because more diversity
was required when repeatedly running the algorithm. The quality of the solutions obtained was found to depend
on the ordering of the tasks and the nurses so it was possible to search for better solutions by simply rerunning
the heuristic using different orderings at the initialisation phase. This is basically a random search so a guided
search was implemented by developing a genetic algorithm in the hope of improving the quality of the solution.
The computational tests showed the genetic algorithm substantially improved the quality of the solution but was
slower than the constructive heuristic. The computational time was still within acceptable limits though so, genetic
algorithms were shown to be a good way forward for their research.

With the promising results from the genetic algorithm solution method, Moz and Pato (2007) introduced a second
objective in to the fitness function. As well as trying to minimise the dissimilarity between the new and old
schedules, they also wanted to minimise the amount of overtime which they describe as minimising the difference
between the number of scheduled duties and the number of duties that should be performed during a particular
period. A utopic strategy was introduced to try and induce diversity in to the population and compared the results
with those achieved by using a basic bi-objective version without elitism and utopic strategy. The method with
elitism and utopic strategy was shown to be better as smaller minima for the objectives were found. Moz and Pato
comment on the fact the method is time consuming but the results show computational time was under 10 minutes
in all cases. This is longer than other methods developed previously but still more than acceptable.

Bard and Purnomo (2005b) looked at a slightly different rescheduling problem thy call reactive scheduling
where a 24 hour period is reviewed at a time, (25). They start with a 6 week base schedule and then consider each
shift a couple of hours prior to its start and make amendments where necessary. Nurses calling in sick, changes in
the number of nurses required to cover a shift, and other unforeseen events can make it necessary to make small
changes to the schedule so that wards are correctly staffed. Many options are available such as using agency staff,
cancelling nurses due to work, and voluntary or mandatory overtime. Bard and Purnomo’s paper concentrates on
efficiently reallocating available resources such as floaters, on-call nurses and agency nurses in a way that minimises
the cost of the changes and the differences between the new and original schedules. This is felt to be the best way
of dealing with changes because there is evidence to suggest that if a nurse works overtime, voluntary or mandatory,
they may ring in sick on a later shift causing further problems. In the first instance an integer program solution
was tried, but it showed that for some problems of just 40 nurses, convergence to within 1% of the Linear Program
lower bound failed after several hours. The time frames available for this particular problem mean that was not
good enough. As it was important to find a feasible solution quickly in case an optimal solution could not be
found, a column generation approach was taken, forming a set covering problem for the planning horizon which
was solved using a heuristic technique. A set of columns were generated using a branch and price algorithm to
create a limited size column. The set covering problem was then solved using two different heuristic techniques,
a tabu search and a restricted set covering integer program. The restricted set covering integer program was found
to be far superior so, the tabu search was discarded. Bard and Purnomo propose a method for generating ‘good’
columns for each nurse defined on set criteria which helps to refine the way cuts are performed in the branching
process, enabling more good solutions to be found quicker. It was also shown that adjusting penalties can have an
affect on the final result as does altering the maximum number of penalties allowed for each nurse. Using tests
based on operational data to create 5 complex situations, the method was found to perform very well solving
problems with up to 200 nurses efficiently.

The little research available on nurse rescheduling appears to have focused on the methodology and algorithms
to solve the problem rather than how the shifts, and changes to the shifts, affect the nurses. The research of Moz
& Pato, while identifying the need for considerations about shift patterns and nurses’ preferences, does not take
them into account in their models. With nurse scheduling focusing so much on giving nurses greater control over
their own schedules, and the results showing this can greatly improve a nurse’s perception, there seems to be a
gap when it comes to nurse rescheduling.

This article starts filling this gap, providing a method for quickly and simply finding schedules in the first instance
that can cope with simple nurse preferences and then be used if any rescheduling is required. The rescheduling
will aim to minimise the number of changes to the schedule and continue to consider the preferences introduced
at the initial scheduling stage.
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Two models for nurse scheduling

The following representative problem is used, drawing on Burke ef al. (2004). A single ward has 20 permanent
nursing staff available to schedule over a planning horizon of 28 days (4 weeks). There are no floating nurses or
on call staff. Each nurse is assigned to one of 3 contracts: Full-time, Part-time, Day-only. All nurses are the same
level and experience. There are 3 shifts (Early, Late, Night) which must all be covered every day, plus an empty
”Off” shift that identifies a 24 hour period used when a nurse is not assigned to a shift or part of a shift.

The nurse scheduling and rescheduling problems can both have many objectives to consider, potentially including
preferences, costs, and in the case of the rescheduling problem disruption. There are several exact methods that
can cope with more than one objective including goal programming, weighted sums, and preemptive optimisation.
This paper uses a combination of weighted sums and goal programming as it is a convenient way of combining
several objectives into one, using weights to define the order of priority.

Two different models were developed for comparison purposes. The first model considers individual shifts, referred
to as the individual days model, assigning individual shifts to each of the nurses and giving more flexibility over
the schedules produced. The second model uses predefined weekly patterns that form a set covering problem,
making the model less flexible but simplifies the model and reduces solution times. This is referred to as the patterns
model. Both models have been developed to contain the same constraints and objectives to allow direct comparison.
The models started as a basic assignment of the correct number of nurses to each shift and were then developed to
include more complicated constraints drawing on the research previously reviewed. We only present the final models:

Individual days model

The individual days model assigns nurses to individual shifts. To formulate the model, the following indices are used:

s: Shift = Early, Late, Night, Off
d: Day of the week = 1,...,7

t: Week=1,....4

n: Nurse =1,...,.N

c:

Type of contract = FullTime, PartTime, DayOnly
where the input data required by the model are:

Vsdt Number of nurses required on shift s on day d in week ¢
ho, Number of hours in shift s

Ho, Maximum contracted hours for contract ¢

c(n)  Type of contract of nurse n

Zdt Cost of a shortage of one nurse on shift s of day d in week ¢
Psa Cost of a surplus of one nurse on shift s of day d in week ¢

and the decisions variables are:

Xpnsdt Assigns nurse # to shift s on day d in week ¢ (= 1, otherwise = 0).
Seit  Shortage of nurses on shift s of day d in week 7, > 0.
Seit  Surplus of nurses on shift s of day 4 in week ¢, > 0.

The individual days model is:

Minimise > (dar Stae + hsae Siae) n
s,d,t
such that
Z Xnsdt + Sstit + Sgar = Tsar vV s,d,t 2)
n

ansdt =1 Vndt 3)

S
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z Xpsat <5V mt @)
s,d

an,Night,d,t <2 V n,t|c(n) # DayOnly (5)
d

> Tunightae =0 ¥ n.d,t|c(n) = Dayonly ©
d

xn,Night,d,t + xn,Early,d+1,t + Xn,Late,d+1,t — 1 V n, d< 7,t (7)

XnNight7,t T XnEarly1,t41 T XnLate 1,641 = 1 Vnt<4 (8)

Xn,Latedt T Xn,Early,d+1,t <1 V nd<7t 9)

XnLate,7,t T Xn,Early,1,t+1 <1 V nt<4 (10)

Z hos xpsar < Hocm) vn,t (11)
s,d

Constraint (2) ensures that every shift has the correct number of nurses assigned to it, calculating any shortage
or surplus of nurses. The objective function (1) minimises the costs of any shortage or surplus of nurses, the former
typically being more important than the latter whose cost is thus much smaller. Constraints (3) and (4) oblige
each nurse to work no more than shift per day and to have at least 2 days off every week. Constraints (5) and (6)
prohibit non-Day-Only nurses from working more than 2 nights a week and ensure that Day-Only ones do not
work nights. Constraints (7) and (8) ensure that if a nurse works a night shift then they cannot work an early or
late the following day. Constraints (9) and (10) help ensure the quality of the schedule by preventing a nurse from
being assigned an early shift if they worked a late shift the previous day. The number of hours a nurse can work
in a week are restricted by constraint (11). Nurses of different skills and experience levels, the use of agency
nurses, and scheduled absences, can be straightforwardly incorporated into the model. This paper uses a relatively
simple model in these respects in order to focus on rescheduling.

Computational testing

The model was tested on PC with a 2GHz Pentium M processor and 1.5GB of ram. The modelling software was
AMPL (Fourer et al.; 2003). For optimisation, two solvers were used: the commercial heavy-weight solver
CPLEX v11.0 (Ilog; 2007), and the free-to-use MINTO solver (Linderoth and Ralphs; 2005) available over the
internet on the NEOS Server (Fourer and Goux; 2001). A time limit of 10 minute was imposed for both solvers.

The model was tested on an instance representative of “normal” conditions, i.e., 2 or 3 nurses per shift are required.
The solution was adequate as it assigned nurses to shifts minimising the overstaffing and understaffing of shifts.
Legal constraints were also satisfied, ensuring that nurses did not work more than their contracted hours, had
adequate time off and was flexible in scheduling nurses with different contracts. However, as was seen in the
literature review, building nurses’ preferences into the model can greatly impact on the perception of a schedule
and therefore the happiness, morale and quality of a nurse’s work.

To try and improve the quality of the schedules produced, the model was adapted to include some of the
constraints indicated in the literature as generally preferred by nurses. These include ensuring that each nurse
gets at least one complete weekend off in every 4 weeks, that a nurse works no more than 5 days in a row, and
minimising the number of times a nurse has an isolated day off. Allowing the nurses one weekend off in four and
not allowing nurses to work more than 5 consecutive days were introduced as constraints. To minimise the number
of isolated days off, a new deficiency variable was created to be included in the objective function and calculated
via additional constraints.
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As a result, the model became complex with many more constraints, but still incomplete. The CPLEX solver
took just 4 seconds to obtain a optimal zero-valued solution (i.e., there were no nursing shortages or surpluses)
while the MINTO solver on the NEOS server only managed to provide a non-zero-valued solution at the end of
the 10-minute time limit. In both solutions, the use of individual nurses was sometimes uneven, even though the
constraints specified at the end of section 3.1 were satisfied. Although the model still lacked constraints to evenly
spread the isolated days off among the nurses, no nurse had more than 1 isolated day off. Thus the schedule
looked fair and as such would be better perceived by nurses. However, fairly distributing isolated days off really
needs additional constraints, adding to the size and complexity of the model.

Under tighter conditions of requiring cover by an extra nurse per shift, CPLEX used all its 10-minute quota of
computing time, but did provide a non-zero-valued solution within 3% of optimality, while MINTO was unable
to even find a feasible solution within 10 minutes.

So long as the computational time remains reasonable and model complexity is not an issue for the user, we
could continue adding constraints to improve the model and its perceived fairness, such as ensuring that night
shifts and worked weekends are evenly distributed among nurses, that the day a night shift ends should be considered
as a working day when calculating weekends off, working 5 consecutive days and isolated days off. One could
minimise the distance from the schedule indicated on a sign-up sheet of each nurse’s preferred shifts. An approach
similar to that of the rescheduling discussed below could take into account individual preferences, improving the
schedule’s perceived fairness. Fortnightly shift schedules could be used, instead of weekly ones, so that a nurse
may work more hours than contracted in one week, but balanced out with fewer hours in the following week. The
sequence through which shifts are rotated and the gap between changes in types of shift could be considered to
improve the quality of the schedule.

Talking to nurses directly would probably identify further fairness and preference constraints, eventually producing
a cumbersome and inflexible model that would be difficult to maintain. Furthermore, it may not be possible to
formulate certain constraints with the integer linear programming paradigm. The next subsection considers
an alternative modelling formulation takes the complexity away from linear algebraic constraints and instead
embeds it in the decision variables.

Patterns model

The patterns model selects from an input set of predefined shift patterns to identify shifts for each nurse.
Only acceptable shifts patterns are allowed in the set which, however, may not be complete, i.., it does not necessarily
contain all acceptable shifts patterns. In other words, an optimal solution to the patterns model is not guaranteed
to be a mathematically optimal schedule, but should be nearly optimal if we take care to include only good quality
shifts patterns in the set. This approach is not original -many authors have used it on a variety of combinatorial
problems, including manpower scheduling, often under the name of column generation (Barnhart et al.; 1998),
classically applied to cutting-stock problems (Gilmore and Gomory; 1961).

Column generation can be used to include shift patterns that will eventually result in a mathematically optimal
solution, but the concern of this paper is work with a relatively limited set of shift patterns that are attractive to
the nurses in terms of their personal preferences. Column generation may be used to suggest good shift patterns
whose inclusion may nevertheless be vetoed by the human scheduler taking into account preference and other criteria.
To formulate the patterns model, an extra index is used for the shift patterns:

p: Pattern over a week of 7 days = 1,...,P
The data needed is now:

Vsdr Number of nurses required on shift s on day d in week ¢
coy, = 1if pattern p covers shift s on day d, otherwise 0

and the decisions variables are now:

Xt Assigns nurse 7 to shift pattern p in week ¢ (= 1, otherwise = 0).
Sait  Shortage of nurses on shift s of day d in week ¢, > 0.
Seit  Surplus of nurses on shift s of day d in week #, > 0.
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The shift patterns model is:

Minimise Z (gsat Ssat + hsar Ssar) (12)
s,d,t

such that

D COsp X+ Siae + Seae = Tar V¥ s,dt (13)

np

anpt =1 vV ont (14)

p

The objective function (12) is the same as for the individual days model and minimises any shortage and surplus
of nurses. Constraint (13) is the equivalent of (2), ensuring that every shift has the correct number of nurses assigned
to it, calculating any shortage or surplus of nurses. Constraint (14) makes sure that only one shift pattern per
week is assigned to each nurse.

If the model were to (trivially) cover 2 only days, then it would be possible to use total enumeration to specify
all 4 x 4 = 16 patterns. However, 2 of the patterns are (1) a night shift followed by an early shift, and (2) a night
shift followed by a late shift. These combinations are not allowed so the two patterns are removed from the model
leaving 14 acceptable patterns. Thus the exclusion of prohibited patterns avoids the need for constraints such as
(3) to (7). Since many constraints of the individual days model are now embedded in the set of acceptable patterns, the
patterns model is easier to understand, maintain and update when required. Careful selection and limiting of the
patterns to be used by the model could lead to better solutions and quicker solution times. Before we can compare
the performance of the two models, more constraints are required.

As the patterns are one week long, we still need week-linking constraints similar to (8). For example, if one
pattern ends with a night shift, the pattern that follows it must not start with an early or a late shift. Contract types
and associated constraints also need adding to the model.

The following new data is needed:

E: Patterns which have the weekend off

F: Patterns not suitable for day only staff

G: Patterns not suitable for part time staff

Jrq If pattern g can follow pattern p then = 1 , otherwise =0

The following constraints are needed in addition to (13) and (14):

Xnpt + Xngee1 =1+ Jpg VYV M,p,qt <4 (15)
Z Xnpe 21 Vo (16)

PEE, t

Xnpt =0 ¥V nlc(n) = DayOnly,p € F, ¢t (17)

Xnpt =0V n|c(n) = PartTime,p € G,t (18)

Constraint (15) checks whether 2 patterns can be adjacent and ensures that no nurse works more than 5 consecutive
days, that there are no isolated days off and checks whether the last shift of the first pattern can be preceded by
the first shift of the second pattern. Each nurse gets at least one weekend off in 4 due to constraint (16). Constraints
(17) and (18) make sure that prohibited patterns are not assigned to nurses on non full-time contracts (the variables
affected simply being prefixed at zero before optimisation). For example (17) ensures day only staff do not get
assigned patterns that have a night shift and (18) ensures part time staff only get assigned patterns that do not exceed
their maximum contracted hours.

As with the individual days model, the night shift does not get recognised as being a shift on the day it finishes.
This means the same problems with weekends off, isolated days off and working 5 consecutive days that occur in
the individual days model occur in the patterns model. It is worth noting, however, that rectifying these problems
in the patterns model is much more straightforward requiring only a few simple changes to the data. In the individual
days model, the model itself would need changing and new constraints would need to be added.
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Making available 26 pre-selected shift patterns p and using the same normal instance as in section 3.2, an optimal
zero-valued solution is found in 0.23 seconds with CPLEX and 1.62 seconds with MINTO on the NEOS server.
Examining the normal CPLEX solution, it appears that the limited nature of the set patterns available may be
causing some nurses to be given whole weeks off while other nurses are working all 5 shifts in a week. It may be
possible to overcome this by introducing a larger set of carefully selected or generated patterns. Assigning a penalty
to each pattern would allow the patterns to be distributed more fairly among the nurses by minimising the maximum
penalty of assigned patterns or keeping them within limits.

Under tighter conditions of requiring cover by an extra nurse per shift, CPLEX took 33 seconds to an optimal
non-zero-valued solution while MINTO used all its 10-minute quota to find a solution within 17% of optimality.
Table 1 shows the results obtained when scaling up the instance size under tight conditions. Observe that a quality
solver such as CPLEX can give near-optimal solutions for large realistically-sized instances, while MINTO on
the NEOS server clearly struggles and would require alternative solution methods or decomposition into smaller
instances.

Table 1. Results from Patterns Model scaling up under tight conditions.

Instance CPLEX NEOS

Weeks Nurses CPU Time Gap CPU Time Gap

4 30 174 seconds Optimal 10 minutes 7.6%

6 20 229 seconds Optimal 10 minutes 6.3%

8 20 10 minutes 0.01% 10 minutes 15%

4 40 10 minutes 3% 10 minutes Infeasible

Comparison of the individual days and patterns models

For a given problem instance, it appears from initial testing that the patterns model takes much less time to solve
than the individual days model. The individual days model represents in theory all feasible schedules. It does so
at the expense of a large set of complex constraints that may require an expert modelling person to modify if the
staffing environment of rules change. The individual days model can also take a long time to solve to optimality,
or not at all, depending on the solver used and the actual instance.

In contrast, the shift patterns model is much simpler as most constraints are satisfied via prefiltered shift patterns.
The set of patterns would be very large if it were complete. However, a near-optimal solution may very well be
possible to obtain from a reduced set constituting preferred schedules. The risk is that a shift pattern that is part of
an optimal solution may be missing. If the staffing constraints change, then a model end-user can modify the set
of permissable/preferred shift patterns without the need for an expert modelling person. This user input and autonomy,
along with the simpler set of algebraic constraints, is likely to create trust and confidence in the model output.

Models for nurse rescheduling

When considering rescheduling and the disruption it causes, two alternative approaches can be used. The
first approach simply minimises the number of changes, reasoning that fewer changes cause less disruption. The
second approach recognises that different types of change cause different amounts of disruption; for example, being
assigned a night shift on a day that was originally free would be more disruptive than a simple change from a late
shift to an early shift on the same day. For this approach, penalties can be assigned to each kind of change. The
model’s objective function then includes the minimisation the sum of these penalties.

Nurses’ preferences are better modelled by the second approach as it takes into account the impact of any
changes on the individual nurses. As well as minimising the impact of the disruptions caused by the rescheduling,
the nurses’ preferences that were supported in the initial scheduling model should continue to be satisfied.
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Individual days model rescheduling

For the individual days rescheduling model, human judgement was used to assign penalties to each change in an
individual shift. For example, it was judged that working a shift on a previously assigned day off was the worst
kind of change, while being given a day off that previously had to be worked would be the least disruptive kind
of change. The following new data were introduced to represent the new schedule:

dpsr Nurse n’s own disruption penalty of a change from shift s to shift ».

W, Weighting for nurse #»’s disruption penalties relative to the 1.0 weighting attached to the nurse shortage term
Zs,d,t S stlt

ana  1fnurse n is assigned to shift s on day d of week ¢ in the original schedule then = 1, otherwise =0

chgy  If the change to day d of week ¢ was requested (and previously agreed) by nurse »n then = 1, otherwise = 0

The rescheduling objective function minimises a weighted sum of the original function (1) and the disruption penalties:

Minimise Z (gsdt Ss+dt + hsdt Sszit) + Z Wndnsransdt(l - Chdnt)xnrdt (19)
s,d,t n,d,t,s,r

Observe in objective function (19) that the disruption penalty w,d,,,. can be a product of a nurse’s own subjective
assessments d,, factored up or down by management’s own evaluation w, of the nurse’s assessments relative to
the importance of nursing cover shortages. Furthermore, this disruption penalty is not just multiplied by the original
schedule’s binary assignment parameter a,,; and the binary rescheduling variable x4, but also by the parameter
chy, that records whether the nurse requested the change. Thus previously-agreed changes requested by a nurse
(and so pre-fixed in the model) are not included in the disruption calculations. The constraints remain the same as
in the initial scheduling model so that rescheduling adheres to the same restrictions. Thus any preferences included
in the original model are not suddenly disregarded.

Patterns model rescheduling

Rescheduling with the patterns model makes changes to a week’s shift pattern. Thus numerous shift changes can
occur because one pattern has been swapped for another. Rather than simply adding the penalties associated with
each individual shift change caused by the change in pattern, the change in the pattern was considered as a whole.
For example, if the newly assigned pattern has more days off than the previously assigned pattern, it could be argued
that this was a better pattern even if there were several individual shift changes. Similarly to the individual days
rescheduling model, the following new data were introduced to represent the new schedule:

g Nurse #n’s own disruption penalty of a change from pattern p to pattern q.

W, Weighting for nurse 7’s disruption penalties relative to the 1.0 weighting attached to the nurse shortage term
Zs,d,t Sstit
At If nurse # is assigned to pattern p in week ¢ in the original schedule then = 1, otherwise =0
chy, If the change to week ¢ was requested (and previously agreed) by nurse # then = 1, otherwise = 0
The rescheduling objective function minimises a weighted sum of the original function (1) and the disruption penalties:
Minimise z (gsdt Ss+dt + hsdt Ss_dt) + Z Wndnpqanpt(1 - Chnt)ant (20)
S,d,t Tl,t,p,q

Again, the constraints remain unchanged from the initial scheduling patterns model so that the reschedule adheres
to the same restrictions.

Fairness in the rescheduling models

Given small perturbations to the instance of section 3 under normal conditions, both rescheduling models produce
optimal results in well less than a second using the CPLEX solver. The two models impact in different ways on
the perceived fairness of shift rescheduling. The individual days model has greater flexibility with the solutions
indicating that it was able to assign smaller shift changes to a larger group of nurses whereas, the patterns model
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assigned one big change to a single nurse. The set of patterns needs investigating in more depth so that a better
understanding can be gained about how the selected patterns affect the solution and whether a more informed
choice of patterns can help reduce some of the problems.

The number of changes required to accommodate the requested changes are relatively small, but there are no
constraints or goals to try and spread these evenly amongst the nurses. This means that while some nurses get no
changes, others are required to change a number of shifts. This could potentially cause problems to do with fairness
and perception of the nurses who have more changes. For example, the rescheduling in the patterns model resulted
in a simple swap of patterns between two nurses. Nurse 12 that previously had week 4 off is now working two
shifts, one of which is a night shift, and nurse 12 is the only person to have any changes at all. Nurse 12 would
probably see the changes as very unfair, leading to ill feeling and negating all the positive work done to try and
improve the schedules. Such problems could be reduced by (i) negotiating a future week off for nurse 12 and fixing
this in a future run of the model, (ii) providing a (maybe larger) set of more informed pattern choices, (iii) including
explicit fairness constraints in the model, or (iv) using judgement to balance the human fix of (i) with potential
over-modelling from (ii) and (iii).

Urgent mid-week rescheduling

Following surprise changes to nurse availability or other data upon which a schedule is based, rescheduling frequently
needs to be carried out with immediate effect. Consider the patterns model. Suppose we are halfway through
week 1 of the schedule. Let W' be the set of shift-day pairs (s, d) remaining in week 1. Let P ' be the set of shift
patterns that match what has occurred in week 1 so far and can occur until the end of the week (i.e., taking the
disturbance into account). Then the patterns rescheduling model becomes:

Minimise Z (gsdt Ss+dt + hsdt Sszit) + Z Z Wndnpqanpl(l - Ch—nl)anl

sdt n pqept 21
+ Z Z Z Wndnpqanpt(]- - Chnt)ant
n tz2 pq

such that
Z COsqap Xnp1 + Ss;‘til + Ssa1 = Tsax V (s,d) € wt (22)
n,p
Z COsap Xnpt + Segr + Ssae = Tsar  V s,d,t =2 (23)
np
D =1 Vn (24)
pep1
anptzl Vot 2 (25)

D
plus adaptations of the week-linking constraints (15) and (16) and others.
Thus the patterns model is readily adapted to urgent rescheduling.

Conclusions and further research

Two models have been produced that support nurse scheduling and adapted for rescheduling while considering
and preserving nurses’ preferences. Many ideas from the literature were used to try and improve the quality of the
schedules as perceived by the nurses themselves, rather than considering monetary costs. The patterns model in
particular provided good solutions in reasonable computing time, although each has its own advantages. A good
baseline has been set so that work could now be carried out with a hospital to allow informed decisions to be
made that will enable the models to develop further.
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Directions for further research and improvements include the following. If there is frequent rescheduling then
maybe penalties should be based on how far into the future a change is. For example, with a 4-week planning horizon,
a change at the end of the 4th week may be less problematic than the same change occurring within the next few
days. In fact, detailed scheduling of later weeks could be a waste of effort if this part of the schedule is never actually
implemented. It would be better to use the model on a rolling horizon with detailed scheduling over a stable
short-term, and approximate mid-to-long-term scheduling using a smaller pattern set to enable planning. In other
words, there is scope to develop an effective and efficient joint planning-&-scheduling model, as in manufacturing
production (Clark; 2003, 2005).

Individual preferences could be considered via a sign-up sheet that could be used as the “original” schedule
and the reschedule model run to complete the schedule but minimising the changes from the sign up sheet. Rather
than nurses saying which individual shifts they want to work, they could state which pattern they want to work in
a particular week. Such preferences could be incorporated in the automatic generation of patterns every time the
model is run, or at set intervals, to produce a set of patterns that provide the desired level of flexibility. The set
produced needs to be limited to keep computational times down for the scheduling model.

Finally, noting that the rescheduling takes the original schedule into account, but not vice-versa, future research
could develop a model that considers the dependency between the two stages’ decisions. This is a much more complex
challenge involving robust stochastic modelling, but one that would certainly improve the resulting schedules.
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